In this paper, the collocation approach, based on the indirect radial basis functions on boundary value problems (IRBFB), is used to obtain a solution for the problem of a non-linear model of reaction-diffusion in porous catalysis pellets for the case of nth-order reaction. One of the boundaries of porous slab is impermeable and the other one is held at constant concentration. We applied this method through the integration process on the boundary value reaction-diffusion problem. The Thiele modulus thus measures the relative importance of the diffusion and reaction phenomena. Interestingly, for the large Thiele modulus the IRBFB offer a reasonable solution. Numerical results and findings obtained by the comparison with finite difference method, show a good accuracy and appropriate convergence rate of IRBFB process.
Introduction
One of the old, yet significant, non-linear problems in chemical engineering is related to the model of coupled diffusion and the reaction in porous catalysis pellets. Thiele in [26] found the analytical solution for the first-order reaction in 1939. Later, Wheeler in [27] , Aris in [3] et al., referred to this problem in detail in their studies. However, most of their conclusions were based on the first-order reaction. Other researchers, such as Satterfild in [23] , have considered the nth-order reactions; however, they were unable to obtain an approximate solution. Finlayson in [7] applied several numerical methods to solve non-linear models of fluid flow, heat transfer and chemical reactors by using preprogrammed computer packages. However, in most of them it was found that convergency could critically depend on the initial estimate, and problem occurred when a large change in reaction rate occurred. Significantly, they too could not present an analytical expression as a solution to this problem.
In 2004, Sun et al. in [25] posed the non-linear model of diffusion and reaction in porous catalysis, by employing the Adomian decomposition method. Later, Abbasbandy in [1] measured the model of the large Thiele modulus, using the homotopy analysis method. However, the exact solution of this model for a few specific parameters, was obtained in terms of Gauss' hypergeometric function by Magyari in [14] , and it is was recently reconsidered by Abbasbandy et al. in [2] .
Mathematical modeling of many problems in science and engineering produces ordinary differential equations (ODEs). The methods based on radial basis functions (RBFs), which are areas of a new field of mathematics are recognized methods of solving such problems without involving initial estimate and mesh point requirements. RBF was first studied by Roland Hardy, Iowa State geodesist, in 1968. This method permits the use of scattered data in computations in [15] . The concept of solving differential equations (DEs) using RBF was first introduced by Kansa in [12] . Since then, it has received a great deal of attention from researchers.
In a typical RBF collocation method, each variable and its derivatives are all expressed as weighted linear combinations of basis functions, where the sets of network weights are identical. These closed forms of representations are substituted with governing equations as well as boundary conditions, and the point collocation technique is then employed to discretize the system. If all the basis functions in the networks are available in analytic forms, the RBF collocation methods can be regarded as truly meshless methods, [8] . There are two basic approaches for obtaining new basis functions from RBFs, namely, the direct approach (DRBF) based on a differential process (Kansa in [12] ), and indirect approach (IRBF) based on an integration process (Mai-Duy and Tran-Cong in [15, 16, 17] ). Both approaches were tested on the solution of the second order DEs. Significantly, the indirect approach was found to be superior to the direct approach (Mai-Duy and Tran-Cong in [16] ).
In this paper, the new IRBFB model is applied by employing the integration process on the boundary value reaction-diffusion problem by using the radial basis functions, in which one of the boundaries of a porous slab is impermeable and the other one is held at constant concentration for a large range of parameter values, which had not been considered up to now.
Problem formulation
The prediction of diffusion and reaction rates in porous catalysis is considered a very important issue in chemical engineering. In fact, the reaction rate is highly dependent on the concentration, in a non-linear case. In this heterogeneous system, the system is constructed as a simple diffusion using an effective diffusion coefficient. Suppose that for diffusion, all the microscopic details of the porous medium are lumped together into the effective diffusion coefficient D e for reactant in [1] . With this approximation, a mass balance in a volume of the porous medium gives
where t is the time, c ′ is the chemical reactant concentration, and r(c ′ ) is the rate of reaction per unit volume which is a power law function of the concentration,
where k is reaction rate constant. Now, suppose the diffusion occurs at a steady state in a porous slab, which is infinite in two directions, giving a large plane sheet with diffusion through the thickness of the sheet, the Eq. (2.1) is simplified to a one dimensional case when D e is constant, to give
where x ′ is the diffusion distance. Now, consider one side of the slab as impermeable and the concentration is held fixed at the other side in [25] . The two boundary conditions, where l is catalyst pore length, are given by
As in [25] , consider the reaction A −→ B, with the rate dependent on the nth power of the concentration of A, dependent upon by kc ′n , where the reaction constant k is a function of temperature. Now, to predict the overall reaction rate or the mass transfer in and out of the catalyst pellet, by changing the variable x = x ′ /l and f = c ′ /c ′ s , the following dimensionless equation is derived from Eqs. (2.2), (2.3) and (2.4) with the boundary conditions expressed as {
where the Thiele modulus,
is the characteristic property of the reaction, while D e /l is the characteristic property of diffusion. The Thiele modulus thus measures the relative importance of the diffusion and reaction phenomena. For a comprehensive review of more general reaction diffusion problems in porous catalysis, see [3] .
RBF Definition
Let R + = {x ∈ R, x ≥ 0} be the non-negative half-line and let ϕ : R + → R be a continuous function with ϕ(0) ≥ 0. A radial basis function on R d is a function of the form
in R then by as is usual,
is called a radial basis function as well in [11] .
RBF Interpolation
With a radial function ϕ(r) and with data values u i given at the locations x i , for i = 1, 2, ..., N the function
where
, interpolate the data if we choose the expansion coefficients λ i in such a way that s(x j ) = u j , for j = 1, 2, ..., N in [4, 24, 6 ]. The expansion coefficients λ i can therefore be obtained by solving the linear system Aλ = U , where:
All the infinitely smooth RBFs choices listed in Table ( 1) will give the coefficient matrices A in (3.7), which are symmetric and nonsingular [19] , i.e. there is a unique interpolant of the form (3.6) no matter how scattered the distinct data points are, in any number of space dimensions. In the cases of inverse quadratic (IQ), inverse multiquadric (IMQ) and gaussian (GA) the matrix A is a positive definite and, for multiquadric (MQ), it has one positive eigenvalue and the remaining ones are all negative in [19] . The shape parameter ε, which is shown in Table 1 , affects both the accuracy of the approximation and the conditioning of the interpolation matrix in [21] . In general, for a fixed number of N , smaller shape parameters produce the more accurate approximations, but they are also associated with a poorly conditioned A. The condition number also increases with N for fixed values of the shape parameter ε. Small ε implies peaked radial functions, whereas large ε indicates flat ones. Many researchers (e.g. [5, 20, 9] ) have attempted to develop algorithms to select optimal values of the shape parameter. The optimal choice of the shaped parameter is still an open question. In practice it is most often selected by brute force.
Indirect RBF for finite boundary value ODEs (IRBFB)
In the indirect method, the formulation of the problem starts with the decomposition of the highest order derivative p under consideration, into RBFs
/dx i . The obtained derivative expression is then integrated to yield expressions for the lower order derivatives and finally for the original function itself. By contrast, the integration process, where each integral represents the area under the corresponding curve, is much less sensitive to noise. Based on this observation, it is expected that through the integration process, the approximating functions will be much smoother, and therefore, have a higher approximation power in [15, 13] . To numerically explore tile IRBF methods with shape parameters for which the interpolation matrix is too poorly conditioned to use standard methods mentioned by the authors as [10] . This is perhaps the major advantage of the IRBFs over RBF methods, as the latter are typically not employed in applications using the optimal shape parameters, but using some value of the parameter safely far from the region of ill-conditioning in [22] . Applying the IRBFB method for solving the ODE with boundary conditions in general form,
where e i ∈ {a, b}, F is a known function and
are known constants and (∃k where e k = b) then we have:
. . .
and
we define the residual function:
Substituting equations (3.8) in (3.9) at N interpolate nodes {x j } N j=1 the set of coefficients
Res(x j ) = 0, j = 1, 2, ..., N.
Solving the model
In general, the reaction-diffusion problem in porous catalysis that is expressed by Eq. (2.5) which is a two-order boundary value appear to be:
In the first step of our analysis, we approximate f ′′ (x) for solving the model by IRBFB as:
To solve this problem we define the residual function:
The unknown coefficients {λ i } N i=1 come from equalizing Res(x) to zero at N interpolate nodes {x j } N j=1 from a uniform grid on [0, 1]. We set ϕ i (x) by the inverse multiquadric function (IMQ) which is seen in Table ( 1) because of its smoothness and complete monotone on [0, ∞). Now, we construct the residual function by substituting Eq. (4.10) in Eq. (4.11) and using Eq. (3.8):
Therefore, we can solve the set of equations and consequently the coefficients {λ i } N i=1 will be obtained:
Without loss of generality, assume that the reaction-diffusion problem defined in [−1, 1]. Considering w(x), an exact solution of it, we aim to show that w(−x) is the exact solution too. Consequently, any solution of f (x) on [−1, 1] is even:
Therefore, we can use even functions to approximate the reaction-diffusion problem. Thus, we derive even radial basis functions to approximation as follows:
Also, we can define s(x) as: Table 2 shows the f (0) for some φ and n compared with the solutions of the shooting method and HAM in [1] . It also shows the ∥Res(x)∥ 2 for approximate function. Errors indicate that IRBFB gives us the approximate solution with a high degree of accuracy and a small N . This Table contains shape parameter ε that must be specified by the user. But here, by the meaning of residual function, we try to minimize ∥Res(x)∥ 2 by choosing a good shape parameter ε [18] . In this table, '⋆' shows that the numerical results have not been reported in the consideration reference. Table 3 shows f (x) and f ′ (x) for some x with φ = 1 and n = 4 compared with Runge-Kutta's solutions. Fig. 1 shows the approximate IRBFB for differences φ, n. Also ∥Res(x)∥ 2 is seen in Fig. 2 , for φ = 1.5, n = 0.5.
Conclusions
In this paper, the IRBFB method was applied to obtain the solution for the problem of a non-linear model of reaction-diffusion in porous catalysis. One of the boundaries of the porous slab was impermeable while the other was held at constant concentration. The numerical solution for the problem has been given in terms of radial basis functions. A large value for φ and differences n were chosen to indicate the efficiency of IRBFB. The results obtained were compared with HAM and the numerical solutions obtained by the shooting method and Runge-Kutta. Additionally, by comparison with other methods, this paper showed that the RBF method had good reliability and efficiency. Also, appropriate convergence rate and good accuracy were obtained with the proposed method, using relatively low numbers of data points. 
